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Abstract
A submanifold in space forms satisfies the well-known DDVV inequality due to
De Smet, Dillen, Verstraelen and Vrancken. The submanifold attaining equality
in the DDVV inequality at every point is called Wintgen ideal submanifold. As
conformal invariant objects, Wintgen ideal submanifolds are studied in this paper
using the framework of Mo¨bius geometry. We classify Wintgen ideal submanfi-
olds of dimension m > 2 and arbitrary codimension when a canonically defined
2-dimensional distribution D is integrable. Such examples come from cones, cylin-
ders, or rotational submanifolds over super-minimal surfaces in spheres, Euclidean
spaces, or hyperbolic spaces, respectively.
2000 Mathematics Subject Classification: 53A30,53A55;
Key words: Wintgen ideal submanifolds, DDVV inequality, super-conformal surfaces,
super-minimal surfaces.
1 Introduction
A basic idea in submanifold theory is to find certain universal inequalities (pointwise
or global ones) between various invariants (intrinsic and extrinsic), then characterize
and classify the optimal submanifolds attaining equality in such inequalities.
0T. Li, X. Ma, C.P. Wang are partially supported by the grant No. 11171004 of NSFC; X. Ma is
partially supported by the grant No. 10901006 of NSFC.
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The simplest example of such pointwise inequalities is that for mean curvature H
and Gaussian curvature K of a surface in R3, there is always H2 ≥ K, and the equality
holds true exactly at those umbilic points. This was generalized by Chen [3] to other
space forms and to arbitrary codimensional case. (Another universal inequality posed
by Chen [2] motivated a series of investigation on submanifolds attaining the equality
in Chen’s inequality.)
De Smet, Dillen, Verstraelen and Vrancken proposed in 1999 a strengthened inequal-
ity [7] involving the scalar, mean curvature and the norm of th normal curvature tensor
as below. Let f : Mm −→ Qm+pc be an isometric immersion of an m−dimensional
Riemannian manifold into a space form of dimension m + p and constant sectional
curvature c. Let R (resp. R⊥) be the Riemannian curvature tensor (resp. the normal
curvature tensor) of f . Their conjectured that at any point,
(1.1) DDV V inequality : s ≤ c+ ||H||2 − s⊥.
Here H denotes the mean curvature of f , and
s =
2
m(m− 1)
∑
1≤i<j≤n
〈R(ei, ej)ej , ei〉, s⊥ = 2
m(m− 1) ||R
⊥||.
This so-called DDVV conjecture was proved in 2008 by J. Ge, Z. Tang [10] and Z. Lu
[14] independently.
Moreover, in [10] the pointwise structure of the second fundamental form of f that
attains equality was determined. It was shown that equality holds at x ∈ Mm if, and
only if, there exists an orthonormal basis {e1, · · · , em} in the tangent space TxMm and
an orthonormal basis {n1, · · · , np} in the normal space T⊥x Mm, such that the shape
operators {Ani , i = 1, · · · ,m} have the form
(1.2) An1 =


λ1 µ0 0 · · · 0
µ0 λ1 0 · · · 0
0 0 λ1 · · · 0
...
...
...
. . .
...
0 0 0 · · · λ1


, An2 =


λ2 + µ0 0 0 · · · 0
0 λ2 − µ0 0 · · · 0
0 0 λ2 · · · 0
...
...
...
. . .
...
0 0 0 · · · λ2


,
and
An3 = λ3Ip, Anr = 0, r ≥ 4.
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Wintgen first proved the inequality (1.1) for surfaces f : M2 → S4. The equality
holds at x ∈M2 if and only if the curvature ellipse of M2 in S4 at x is a circle [18, 11].
f : M2 → S4 is called a super-conformal surface if this holds true at every point. It is
well-known that such surfaces correspond to images of complex curves in CP3 via the
Penrose twistor projection π : CP3 −→ S4. According to the suggestion of [4, 16], we
make the following definition.
Definition 1.1. A submanifold f : Mm −→ Qm+pc ia called a Wintgen ideal subman-
ifold if the equality is satisfied in (1.1) at every point of Mm.
We briefly review known results on the classification of Wintgen ideal submanifolds.
It was shown in [11] that f : M2 −→ Q2+pc is a Wintgen ideal surface if and only if
the ellipse of curvature of f at x is a circle. When being also minimal surfaces in the
specific space form, they were already known as super-minimal surfaces. Such examples
are abundant.
For three dimensional Wintgen ideal subanifolds, when they are minimal, they belong
to the class of (three dimensional) austere submanifolds. The later was classified locally
by Bryant for Euclidean submanifolds [1], by Dajczer and Florit in the unit sphere [5],
by Choi and Lu [13, 15] in hyperbolic space.
Finally, in [6], Dajczer and Tojeiro provided a parametric construction of Wintgen
ideal submanifolds of codimension two and arbitrary dimension in terms of minimal
surfaces in the Euclidean space.
An important observation of Dajczer and Tojeiro in [6] is that the inequality as
well as the equality case (and the class of Wintgen ideal submanifolds) are conformally
invariant property. This follows from the observation in [8] that inequality (1.1) holds
at a point x ∈Mm if and only if
p∑
α,β=1
||[A¯α, A¯β ]||2 ≤
(
p∑
α=1
||A¯α||
)2
is satisfied for the traceless shape operators A¯1, · · · , A¯p at x ∈ Mm, whereas {A¯i}
are conformal invariant objects (up to a scalar factor). It follows that Wintgen ideal
submanifolds in the sphere Sm+p or hyperbolic space Hm+p are the pre-image of a
stereographic projection of Wintgen ideal submanifolds in Rm+p.
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Thus it is appropriate to put the study of Wintgen ideal submanifolds in the frame-
work of Mo¨bius geometry. For the same reason it is no restriction when we describe
them in the Euclidean space. This is exactly our main goal in this paper.
As the main result, we give a classification of Wintgen ideal submanifolds with
integrable canonical distribution D = Span{e1, e2}. It is clear from (1.2) that D is
well-defined when the submanifold is nowhere totally umbilic.
Theorem 1.1. Let f : Mm −→ Rm+p(m ≥ 3) be a Wintgen ideal submanifold without
umbilic points. If the canonical distribution D = span{e1, e2} is integrable, then locally
f is Mo¨bius equivalent to
(i) a cone over a super-minimal surface in S2+p;
(ii) or a cylinder over a super-minimal surface in R2+p;
(iii) or a rotational submanifold over a super-minimal surface in H2+p.
This paper is organized as follows. In section 2, we review the elementary facts about
Mo¨bius geometry for submanifolds in Rm+p. In section 3, we describe the construc-
tion of Wintgen ideal submanifolds as cylinders, cones, or rotational submanifolds. In
section 4, we give the proof of our main theorem.
2 Submanifold theory in Mo¨bius geometry
In this section we briefly review the theory of submanifolds in Mo¨bius geometry. For
details we refer to [17] and [12].
Let Rm+p+21 be the Lorentz space with inner product 〈·, ·〉 defined by
〈Y,Z〉 = −Y0Z0 + Y1Z1 + · · ·+ Ym+p+1Zm+p+1,
where Y = (Y0, Y1, · · · , Ym+p+1), Z = (Z0, Z1, · · · , Zm+p+1) ∈ Rm+p+2.
Let f : Mm → Rm+p be a submanifold without umbilics and assume that {ei} is an
orthonormal basis with respect to the induced metric I = df · df with {θi} the dual
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basis. Let {nr|1 ≤ r ≤ p} be a local orthonormal basis for the normal bundle. As usual
we denote the second fundamental form and the mean curvature of f as
II =
∑
ij,γ
hrijθi ⊗ θjnr, H =
1
m
∑
j,r
hrjjnr =
∑
r
Hrnr.
We define the Mo¨bius position vector Y :Mm → Rm+p+21 of f by
Y = ρ
(
1 + |f |2
2
,
1− |f |2
2
, f
)
, ρ2 =
m
m− 1
∣∣∣∣II − 1mtr(II)I
∣∣∣∣
2
.
It is known that Y is a well-defined canonical lift of f . Two submanifolds f, f¯ : Mm →
Rm+p are Mo¨bius equivalent if there exists T in the Lorentz group O(m+ p + 1, 1) in
R
m+p+2
1 such that Y¯ = Y T. It follows immediately that
g = 〈dY, dY 〉 = ρ2dx · dx
is a Mo¨bius invariant, called the Mo¨bius metric of f .
Let ∆ be the Laplacian with respect to g. Define
N = − 1
m
∆Y − 1
2m2
〈∆Y,∆Y 〉Y,
which satisfies
〈Y, Y 〉 = 0 = 〈N,N〉, 〈N,Y 〉 = 1 .
Let {E1, · · · , Em} be a local orthonormal basis for (Mm, g) with dual basis {ω1, · · · , ωm}.
Write Yj = Ej(Y ). Then we have
〈Yj , Y 〉 = 〈Yj, N〉 = 0, 〈Yj , Yk〉 = δjk, 1 ≤ j, k ≤ m.
We define
ξr = H
r
(
1 + |f |2
2
,
1− |f |2
2
, f
)
+ (f · nr,−f · nr, nr) .
Then {ξ1, · · · , ξp} be the orthonormal basis of the orthogonal complement of Span{Y,N, Yj |1 ≤
j ≤ m}. And {Y,N, Yj , ξr} form a moving frame in Rm+p+21 along Mm.
Remark 2.1. Geometrically, ξr corresponds to the unique sphere tangent to Mm at
one point x with normal vector nr and the same mean curvature H
r(x). We call {ξr}
the mean curvature spheres of Mm.
5
We will use the following range of indices in this section: 1 ≤ i, j, k ≤ m; 1 ≤ r, s ≤ p.
We can write the structure equations as below:
dY =
∑
i
ωiYi,
dN =
∑
ij
AijωiYj +
∑
i,γ
Cγi ωiξr,
dYi = −
∑
j
AijωjY − ωiN +
∑
j
ωijYj +
∑
j,γ
Bγijωjξr,
dξr = −
∑
i
Cri ωiY −
∑
ijr
ωiB
r
ijYj +
∑
s
θrsξs,
where ωij are the connection 1-forms of the Mo¨bius metric g and θrs the normal con-
nection 1-forms. The tensors
A =
∑
ij
Aijωi ⊗ ωj, B =
∑
ijr
Brijωi ⊗ ωjξr, Φ =
∑
jr
Crjωjξr
are called the Blaschke tensor, the Mo¨bius second fundamental form and the Mo¨bius
form of x, respectively. The covariant derivatives of Cri , Aij , B
r
ij are defined by∑
j
Cri,jωj = dC
r
i +
∑
j
Crjωji +
∑
s
Csj θsr,
∑
k
Aij,kωk = dAij +
∑
k
Aikωkj +
∑
k
Akjωki,
∑
k
Brij,kωk = dB
r
ij +
∑
k
Brikωkj +
∑
k
Brkjωki +
∑
s
Bsijθsr.
The integrability conditions for the structure equations are given by
Aij,k −Aik,j =
∑
r
BrikC
r
j −BrijCrk ,(2.3)
Cri,j − Crj,i =
∑
k
(BrikAkj −BrjkAki),(2.4)
Brij,k −Brik,j = δijCrk − δikCrj ,(2.5)
Rijkl =
∑
r
BrikB
r
jl −BrilBrjk + δikAjl + δjlAik − δilAjk − δjkAil,(2.6)
R⊥rskl =
∑
k
BrikB
s
kj −BsikBrkj.(2.7)
Here Rijkl denote the curvature tensor of g, κ =
1
n(n−1)
∑
ij Rijij is its normalized
Mo¨bius scalar curvature. It follows from (2.6) that the Ricci tensor of g satisfies
(2.8) Rij :=
∑
k
Rikjk = −
∑
kr
BrikB
r
kj + (trA)δij + (m− 2)Aij .
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Other restrictions on tensors A,B are
∑
j
Brjj = 0,
∑
ijr
(Brij)
2 =
m− 1
m
,(2.9)
trA =
∑
j
Ajj =
1
2m
(1 +m2κ).(2.10)
We know that all coefficients in the structure equations are determined by {g,B} and
the normal connection {θαβ}.
3 Examples of Wintgen ideal submanifolds
In this section we will use minimal Wintgen ideal submanifolds in space forms Rn,Sn
or Hn to construct other general examples. Note that being a minimal submanifold is
not a conformal invariant property.
We remark that a minimal Wintgen ideal submanifold in any space form is an austere
submanifold of rank two, and the converse is also true. Super-minimal surfaces in space
forms are special examples and there are plenty of them, including all minimal 2-spheres
in Sn and all complex curves in Cn = R2n.
Definition 3.1. Let u : M r −→ Rr+p be an immersed submanifold. We define the
cylinder over u in Rm+p as
f = (u, id) :M r × Rm−r −→ Rr+p × Rm−r = Rm+p,
where id : Rm−r −→ Rm−r is the identity map.
Proposition 3.1. Let u : M r −→ Rr+p be an immersed submanifold. Then the
cylinder f = (u, id) : M r ×Rm−r −→ Rm+p is a Wintgen ideal submanifold if and only
if u :M r −→ Rr+p is a minimal Wintgen ideal submanifold.
Proof. Let η1, · · · , ηp be an orthonormal frame in the normal bundle of u in Rr+p. Then
er = (ηr,~0) ∈ Rm+p is such a frame of f . The first and second fundamental forms I, II
of f are related with corresponding forms Iu, IIu of u by
(3.11) I = Iu + IRm−r , II = IIu,
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where IRm−r denotes the standard metric of R
m−r. Clearly f is a Wintgen ideal sub-
manifold if and only if u is a minimal Wintgen ideal submanifold. This completes the
proof to Proposition 3.1.
Remark 3.1. The Mo¨bius position vector Y :M r×Rm−r −→ Rm+p+21 of the cylinder
f is
Y = ρ0
(
1 + |u|2 + |y|2
2
,
1− |u|2 − |y|2
2
, u, y
)
,
Y : M r × Rm−r −→ Rr+p+21 × Rm−r,
(3.12)
where ρ0 =
m
m−1(|IIu|2 − mH2u) : M r −→ R, and y : Rm−r −→ Rm−r is the identity
map.
Definition 3.2. Let u : M r −→ Sr+p ⊂ Rr+p+1 be an immersed submanifold. We
define the cone over u in Rm+p as
f : R+ × Rm−r−1 ×M r −→ Rm+p,
f(t, y, u) = (y, tu),
Proposition 3.2. Let u : M r −→ Sr+p be an immersed submanifold. Then the cone
f = (y, tu) : R+ ×Rm−r−1 ×M r −→ Rm+p is a Wintgen ideal submanifold if and only
if u is a minimal Wintgen ideal submanifold in Sr+p.
Proof. The first and second fundamental forms of f are, respectively,
I = t2Iu + IRm−r , II = t IIu,
where Iu, IIu, IRm−r are understood as before. The conclusion follows easily.
Remark 3.2. The Mo¨bius position vector Y : R+×Rm−r−1×M r −→ Rm+p+21 of the
cone f is
Y = ρ0
(
1 + t2 + |y|2
2t
,
1− t2 − |y|2
2t
, y, u
)
,
where ρ0 =
m
m−1 (|IIu|2−mH2u) :M r −→ R, and y : Rm−r−1 −→ Rm−r−1 is the identity
map. Let
Hm−r = {(y0, y) ∈ Rm−r+1| − y20 + |y|2 = −1, y0 ≥ 1} ∼= R+ × Rm−r−1,
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then (1+t
2+|y|2
2t ,
1−t2−|y|2
2t , y) : R
+ × Rm−r−1 = Hm−r → Hm−r is nothing else but the
identity map. And the Mo¨bius position vector of the cone f is
(3.13) Y = ρ0(id, u) : H
m−r ×M r → Hm−r × Sr+p ⊂ Rm+p+21 ,
where ρ0 ∈ C∞(M r) and id : Hm−r → Hm−r is a identity map.
Definition 3.3. Let Rr+p+ = {(x1, · · · , xr+p) ∈ Rr+p|xr+p > 0} be the upper half-space
endowed with the standard hyperbolic metric
ds2 =
1
x2r+p
r+p∑
i=1
dx2i .
Let u = (x1, · · · , xr+p) : M r −→ Rr+p+ be an immersed submanifold. We define rota-
tional submanifold over u in Rm+p as
f : M r × Sm−r −→ Rm+p,
f(u, φ) = (x1, · · · , xr+p−1, xr+pφ).
where φ : Sm−r −→ Rm−r+1 is the standard sphere.
Proposition 3.3. Let u = (x1, · · · , xr+p) : M r −→ Rr+p+ be an immersed subman-
ifold. Then the rotational submanifold f : M r × Sm−r −→ Rm+p is a Wintgen ideal
submanifold if and only if u is a minimal Wintgen ideal submanifold.
Proof. Let Rr+p+11 be the Lorentz space with inner product
〈y, y〉 = −y21 + y22 + · · · + y2r+p+1, y = (y1, · · · , yr+p+1).
Let Hr+p = {y ∈ Rr+p+11 |〈y, y〉 = −1, y1 > 0} be the hyperbolic space. Introduce
isometry τ : Rr+p+ −→ Hr+p as below:
(3.14)
τ(x1, · · · , xr+p) =
(
1 + x21 + · · ·+ x2r+p
2xr+p
,
1− x21 − · · · − x2r+p
2xr+p
,
x1
xr+p
, · · · , xr+p−1
xr+p
)
.
Let η1, · · · , ηp be the unit normal vectors of u in Rr+p+ . Write ηi = (ηi1, · · · , ηir+p).
Since ηi is the unit normal vector, then
(ηi1)
2 + · · · + (ηir+p)2
x2r+p
= 1, 1 ≤ i ≤ p.
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Thus the unit normal vector of f in Rm+p is
ξi =
1
xr+p
(ηi1, · · · , ηir+pφ).
The first fundamental form of u is
Iu =
1
x2r+p
(dx1 · dx1 + · · ·+ dxr+p · dxr+p).
The second fundamental form of u is
IIiu = −〈τ∗(du), τ∗(dηi)〉 =
1
x2r+p
(dx1 · dηi1 + · · ·+ dxr+p · dηir+p)−
ηir+p
xr+p
Iu.
Now we can write out the first and the second fundamental forms of f :
I = dx · dx = x2r+p(Iu + ISm−r), IIi = xr+pIIiu − ηir+p(Iu + Ism−r),
where ISm−r is the standard metric of S
m−r. This completes the proof.
Remark 3.3. The Mo¨bius position vector Y : M r×Sm−r −→ Rm+p+21 of the rotational
submanifold f is
Y = ρ0(
1 + |u|2
2xr+p
,
1− |u|2
2xr+p
,
x1
xr+p
, · · · , xr+p−1
xr+p
, φ),
where ρ0 =
m
m−1 (|IIu|2 − mH2u) : M r −→ R, and φ : Sm−r −→ Sm−r is the identity
map. Since (1+|u|
2
2xr+p
, 1−|u|
2
2xr+p
, x1
xr+p
, · · · , xr+p−1
xr+p
) = τ(u) : M r → Hr+p, then the Mo¨bius
position vector of the rotational submanifold f is
(3.15) Y = ρ0(τ(u), φ) :M
r × Sm−r → Hr+p × Sm−r ⊂ Rm+p+21 ,
where ρ0 ∈ C∞(M r) and φ : Hm−r → Hm−r is the identity map.
From (3.12), (3.13) and (3.15), we have
Proposition 3.4. Let f : Mm → Rm+p be an immersed submanifold without umbilical
points.
(1) If there exists a submanifold u : M r → Rr+p such that the Mo¨bius position vector
of f is
Y = ρ0
(
1 + |u|2 + |y|2
2
,
1− |u|2 − |y|2
2
, u, y
)
Y : M r × Rm−r −→ Rr+p+21 × Rm−r ⊂ Rm+p+21 ,
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where ρ0 ∈ C∞(M r), and y : Rm−r −→ Rm−r is the identity map. Then f is a cylinder
over u.
(2) If there exists a submanifold u : M r → Sr+p such that the Mo¨bius position vector
of f is
Y = ρ0(id, u) : H
m−r ×M r → Hm−r × Sr+p ⊂ Rm+p+21 ,
where ρ0 ∈ C∞(M r) and id : Hm−r → Hm−r is the identity map. Then f is a cone
over u.
(3) If there exists a submanifold u : M r → Rr+p+ such that the Mo¨bius position vector
of f is
Y = ρ0(τ(u), φ) :M
r × Sm−r → Hr+p × Sm−r ⊂ Rm+p+21 ,
where ρ0 ∈ C∞(M r), φ : Sm−r → Sm−r is the identity map, and τ(u) is defined as in
(3.14). Then f is the rotational submanifold over u.
4 Proof of the Main theorem
A submanifold f : Mm → Rm+p is a Wintgen ideal submanifold if and only if, at
each point of Mm, there is a suitable frame such that the second fundamental form
has the form (1.2). If µ0 = 0 in (1.2), then the Wintgen ideal submanifold is totally
umbilical submanifold. Next we consider non-umbilical Wintgen ideal submanifolds,
that is µ0 6= 0 on Mm and m ≥ 3.
Since µ0 6= 0, we can choose an orthonormal basis {E1, · · · , Em} of TxMm with
respect to the Mo¨bius metric g and an orthonormal basis {ξ1, · · · , ξp} of T⊥x Mm such
that the coefficients of the Mo¨bius second fundamental form B has the form
(4.16) B1 =


0 µ 0 · · · 0
µ 0 0 · · · 0
0 0 0 · · · 0
...
...
...
. . .
...
0 0 0 · · · 0


, B2 =


µ 0 0 · · · 0
0 −µ 0 · · · 0
0 0 0 · · · 0
...
...
...
. . .
...
0 0 0 · · · 0


,
and Bα = 0 for all α ≥ 3. By (2.9), the norm of B is constant and µ =
√
m−1
4m . Clearly
the distribution D = span{E1, E2} is well-defined.
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For convenience we adopt the convention below on the range of indices:
1 ≤ i, j, k, l ≤ m, 3 ≤ a, b, c ≤ m, 3 ≤ α, β, γ ≤ p.
Then our assumption means that except
B112 = B
2
21 = B
2
11 = −B222 = µ =
√
m− 1
4m
,
any other coefficient of the Mo¨bius second fundamental form vanishes. In particular,
(4.17) B111 = B
1
22 = B
1
aj = 0, B
2
12 = B
2
21 = B
2
bj = 0, B
α
ij = 0.
First we compute the covariant derivatives of Brij. Denote
(4.18) θ , 2ω12 + θ12.
Since the Mo¨bius second fundamental form B has the form (4.16), we have
(4.19) Bδab,k = 0, 1 ≤ δ ≤ p, 1 ≤ k ≤ m, Bα1a,i = 0, Bα2a,i = 0.
(4.20) ω2a =
∑
i
B11a,i
µ
ωi = −
∑
i
B22a,i
µ
ωi, ω1a =
∑
i
B12a,i
µ
ωi =
∑
i
B21a,i
µ
ωi.
θ =
∑
i
−B111,i
µ
ωi =
∑
i
B122,i
µ
ωi =
∑
i
B212,i
µ
ωi,
B112,i = 0, B
2
11,i = B
2
22,i = 0.
(4.21)
It follows from (3) that
Cα1 = B
α
aa,1 −Bαa1,a = 0;Cα2 = Bαaa,2 −Bαa2,a = 0.
Cαa = B
α
11,a −Bα1a,1 = Bα11,a, Cαa = Bα22,a −Bα2a,2 = Bα22,a,
Since
∑
iB
δ
ii,k = 0, 1 ≤ δ ≤ p, 1 ≤ k ≤ m, we have
Cα = 0.
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From (4.20) and (4.21), we obtain
B12a,2 = B
1
22,a = B
2
1a,2, B
2
1a,1 = 0, B
2
2a,2 = 0.
This implies that C1a = 0, C
2
a = B
2
11,a = B
2
22,a, thus C
2
a = 0.
The other coefficients of {Crj } are obtained similarly as below:
C11 = −B11a,a = −µω2a(ea), C22 = −B22a,a = µω2a(ea),
C12 = −B12a,a = −µω1a(ea), C21 = −B21a,a = −µω1a(ea).
(4.22)
In particular we have
(4.23) C11 = −C22 , C12 = C21 .
The covariant derivative of coefficients of C are
(4.24) C11,i = −C22,i, C12,i = C21,i, Cαa,i = 0.
From (4.20) and (4.21), we write out the connection forms
θ =
∑
i
−B111,i
µ
ωi =
∑
i
B122,i
µ
ωi =
∑
i
B212,i
µ
ωi,
ω1a =
B12a,2
µ
ω2 +
B12a,a
µ
ωa =
B21a,2
µ
ω2 +
B21a,a
µ
ωa,
ω2a =
B11a,1
µ
ω1 +
B11a,a
µ
ωa =
−B22a,1
µ
ω1 −
B22a,a
µ
ωa.
(4.25)
Now we use the assumption that the distribution D = span{E1, E2} is integrable, which
says
dωa ≡ 0,mod{ωa}.
From (4.25), we obtain
B111,a = −B122,a = −B212,a = 0.
(4.26) θ =
C11
µ
ω1 − C
1
2
µ
ω2, ω1a =
−C12
µ
ωa, ω2a =
−C11
µ
ωa.
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−1
2
∑
ij
R1aijωi ∧ ωj = −
∑
i
C12,i
µ
ωi ∧ ωa + (C
1
1 )
2 + (C12 )
2
µ2
ω1 ∧ ωa,
−1
2
∑
ij
R2aijωi ∧ ωj = −
∑
i
C11,i
µ
ωi ∧ ωa + (C
1
1 )
2 + (C12 )
2
µ2
ω2 ∧ ωa,
−
∑
ij
(R12ij +
1
2
R⊥12ij)ωi ∧ ωj =
∑
i
C11,i
µ
ωi ∧ ω1 −
∑
i
C12,i
µ
ωi ∧ ω2
+
[
(C11 )
2 + (C12 )
2
µ2
+
∑
α
(Bα11,2)
2 + (Bα22,1)
2
µ2
]
ω1 ∧ ω2,
(4.27)
From (4.27), we obtain
R1a1a = A11 +Aaa =
C12,1
µ
− (C
1
1 )
2 + (C12 )
2
µ2
,
R2a2a = A22 +Aaa =
C11,2
µ
− (C
1
1 )
2 + (C12 )
2
µ2
R1a2a =
C12,2
µ
, R2a1a =
C11,1
µ
, R1a12 = A2a = 0, R2a12 = −A1a = 0,
R121a = A2a =
C11,a
µ
, R122a = −A1a =
C12,a
µ
.
(4.28)
The equations (4.28) implies that
L := Aaa = Abb, A1a = A2a = Aab = 0, a 6= b.
Define new frame vectors
Yˆ =
−(C11 )2 − (C12 )2
2µ2
Y +N − C
1
1
µ
Y2 − C
1
2
µ
Y1,
η1 = Y1 +
1
µ
C12Y, η2 = Y2 +
1
µ
C11Y, K = 2L+
(C11 )
2 + (C12 )
2
µ2
.
Then we have the moving frame {Y, Yˆ , η1, η2, Y3, · · · , Ym, ξ1, ξ2, ξ3, · · · , ξp}, such that
Rm+p+2 = span{Y, Yˆ }⊕ span{η1, η2, Y3, · · · , Ym, ξ1, ξ2, ξ3, · · · , ξp}, 〈Y, Yˆ 〉 = 1 and
{η1, η2, Y3, · · · , Ym, ξ1, ξ2, ξ3, · · · , ξp} are orthonormal vector fields.
Using (4.28) and (4.27), we have
dξ1 = −µω1η2 − µω2η1 +
p∑
s=1
θ1sξs,
dξ2 = −µω1η1 + µω2η2 +
p∑
s=1
θ2sξs,
dξα = −θ1αξ1 − θ2αξ2 +
∑
β
θαβξβ.
(4.29)
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dη1 =
[
ω12 − C
1
1
µ
ω1 +
C12
µ
ω2
]
η2 + ω1
(
K
2
Y − Yˆ
)
+ µω2ξ1 + µω1ξ2,
dη2 = −
[
ω12 − C
1
1
µ
ω1 +
C12
µ
ω2
]
η1 + ω2
(
K
2
Y − Yˆ
)
+ µω1ξ1 − µω2ξ2,
d
(
K
2
Y − Yˆ
)
= K[ω1η1 + ω2η2] +
[
C12
µ
ω1 +
C11
µ
ω2
](
K
2
Y − Yˆ
)
.
(4.30)
(4.31) E1(K) = 2
C12
µ
K, E2(K) = 2
C11
µ
K, Ea(K) = 0.
From (4.29) and (4.30), we know that the subspace
V = span{(K
2
Y − Yˆ ), η1, η2, ξ1, ξ2, · · · , ξp}
is parallel along Mm. The orthogonal complement V ⊥ also is parallel along Mm. In
fact,
V ⊥ = span{(K
2
Y + Yˆ ), Y3, · · · , Ym}.
Using (4.28) and (4.27), we can obtain
(4.32) d(
K
2
Y + Yˆ ) =
(
C12
µ
ω1 +
C11
µ
ω2
)
(
K
2
Y + Yˆ ) +K
∑
a
ωaYa.
Clearly, the distribution D⊥ = span{E3, · · · , Em} also is integrable. From (4.29)
and (4.30), we know that the mean curvature spheres ξ1, ξ2 induce 2-dimensional sub-
manifolds in the de sitter space Sm+p+11
ξ1, ξ2 :M
2 =Mm/F −→ Sm+p+11 ,
where fibers F are integral submanifolds of distribution D⊥. In other words, ξ1, ξ2 form
2-parameter family of (m+ p− 1)-spheres enveloped by f :Mm −→ Rm+p.
Since 〈K2 Y − Yˆ , K2 Y − Yˆ 〉 = −〈K2 Y + Yˆ , K2 Y + Yˆ 〉 = −K satisfies a linear first-order
PDE (4.31), we see that K ≡ 0 or K 6= 0 on the connected open set of Mm. Thus there
are three possibilities for the induced metric on the fixed subspace V, V ⊥ ⊂ Rm+p+21 .
Case 1. K < 0 onMm; V is a fixed space-like subspace, V ⊥ is a fixed Lorentz subspace
in Rm+p+21 . We can assume that V = R
3+p, V ⊥ = Rm−11 . From (4.29), (4.30) and
(4.31), we know
u =
1√−K (
K
2
Y − Yˆ ) : M2 → S2+p.
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On the other hand, the equation (4.32) implies that
φ =
1√−K (
K
2
Y + Yˆ ) : Hm−2 → Rm−11
is the embedding of the hyperbolic space Hm−2 in Rm−11 . Then
Y = 2
√
−K(u, φ) : M2 ×Hm−2 → S2+p ×Hm−2 ⊂ Rm+p+21 ,
where 2
√−K ∈ C∞(M2) and φ : Hm−2 → Hm−2 is a identity map. From Proposition
(3.4), we know that f is a cone over u :M2 → S2+p.
Case 2. K > 0 onMm; V is a fixed Lorentz subspace, V ⊥ is a fixed space-like subspace
in Rm+p+21 . We can assume that V = R
3+p
1 , V
⊥ = Rm−1. From (4.29), (4.30) and
(4.31), we know
u =
1√
K
(
K
2
Y − Yˆ ) :M2 → H2+p.
On the other hand, the equation (4.32) implies that
φ =
1√
K
(
K
2
Y + Yˆ ) : Sm−2 → Rm−1
is the embedding of the sphere Sm−2 in Rm−1. Then
Y = 2
√
K(u, φ) :M2 × Sm−2 → H2+p × Sm−2 ⊂ Rm+p+21 ,
where 2
√
K ∈ C∞(M2) and φ : Sm−2 → Sm−2 is the identity map. From Proposition
(3.4), we know that f is the rotational submanifold over u : M2 → H2+p.
Case 3. K = 0 onMm. From (4.32), we can assume that Yˆ = e̺(−1, 1, 0, · · · , 0), where
̺ ∈ C∞(M2). On the other hand, V, V ⊥ are two fixed spaces endowed with a degen-
erate inner product. we can assume that V = span{(K2 Y − Yˆ ), η1, η2, ξ1, ξ2, · · · , ξp} =
R
3+p
0 , V
⊥ = Rm−10 . We write vector v ∈ R3+p0 and w ∈ Rm−10 by
u = (u0,−u0, u1, · · · , up+2, 0, · · · , 0), w = (w0,−w0, 0, · · · , 0, w1, · · · , wm−2);
and we write
eσY =
(
1 + |f |2
2
,
1− |f |2
2
, f
)
, f = (u1, · · · , up+2, w1, · · · , wm−2) ∈ Rm+p.
From (4.29) and (4.30), we know that
u = (u1, · · · , up+2) : M2 → R2+p
16
is an immersed surface, and
w = (w1, · · · , wm−2) : Rm−2 → Rm−2
is the identity map. From Proposition (3.4), we know that f is the cylinder over
u :M2 → R2+p.
Combining Proposition 3.1, 3.2 and 3.3, we complete the proof to Theorem 1.1.
Remark 4.1. From (4.29) and (4.30), we obtain
dY = −(C
1
2
µ
ω1 +
C11
µ
ω2)Y + ω1η1 + ω2η2 +
∑
a
ωaYa,
dYˆ = (
C12
µ
ω1 +
C11
µ
ω2)Yˆ +
K
2
∑
a
ωaYa − K
2
(ω1η1 + ω2η2).
(4.33)
Thus we have
(4.34) 〈dYˆ , dYˆ 〉 = K
2
4
〈dY, dY 〉 = K
2
4
g.
Let fˆ :Mm → Rm+p be an immersed submanifold such that the Mo¨bius position vector
is Yˆ . From 〈Yˆ , ξ1〉 = · · · = 〈Yˆ , ξp〉 = 0 and (4.33), we know that the submanifold
fˆ : Mm → Rm+p envelops the mean curvature spheres {ξ1, · · · , ξp}. And if fˆ is an
immersed submanifold, then fˆ also is a Wintgen ideal submanifold and is conformal
to f . This is analogous to the duality phenomenon for Willmore surfaces in S3, but
simpler than that. Here fˆ either differ from f by an antipodal map of the sphere in
Case 1, or by an inversion/reflection with respect to the boundary at infinity of the
hyperbolic space in Case 2, or degenerate to the single point at infinity of the Euclidean
space in Case 3.
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